PACS. 73.20.-r -Surface and interface electron states.
The rapid progress in the synthesis of mesoscopic structures during the last decades has evoked renewed attention to the classic problems and methods of quantum mechanics. Precise thin-film deposition techniques allow of immediate tests of the theory, as for example, the experimental observation of localized "surface states" in AlGaAs/GaAs superlattices with a terminating layer of AlAs [1] . Such states were predicted by Tamm in 1932 [2] . These, as well as interface states (IS) in general, have since been under permanent investigation [3, 4, 5] . When the IS can be associated with the periodic potential of the lattice ("Shockley states") [6] , they do not depend crucially on the details of the surface. Therefore, these IS, like the emulated IS of Ref. [1] , can be studied within the envelope-function approach (EFA).
In applying the EFA to abrupt junctions, the matching conditions (MC) connecting the wave functions across the interface have to be established. It is known that in a heterojunction with band inversion, IS occur as an intrinsic property of the contact regardless of the precise type of MC [3, 4] . In the more usual case of a heterojunction of two semiconductors with the same band symmetry, the role of the MC is more critical. The usual continuity conditions do not give rise to localized states, as is intuitively obvious when applying conventional quantum mechanics to a band-edge profile as shown in the inset in Fig. 1a . However, it was found for a model superlattice [5] that IS do occur, provided the wave functions are taken to be discontinuous at the interface. Unfortunately, within the EFA, the commonly used single-band description does not allow one to determine the MC unambiguously from the kinetic energy because the latter is not unique [7, 8] .
In the present Letter, we infer unique MC for an arbitrary abrupt semiconductor junction within the EFA, using the two-band model [9] . A novel type of shallow IS is shown to occur in a contact of two semiconductors with bandgaps and effective masses such that their bulk dispersion curves intersect. This means that the interband velocity matrix element must vary across the junction so as to have a different bulk value on either side of the interface. It is found that interface states of this type are also present in graded heterojunctions.
In the two-band model, the four envelope functions combined in the spinor Ψ satisfy an effective Dirac equation of the form ( = 1)
Here, γ i ≡ (γ 0 , γ) are the Dirac matrices, ∆ is half the energy gap, ϕ is the work function, and v is the interband velocity matrix element. With constant ∆, ϕ, and v, one obtains the dispersion of a bulk semiconductor,
for the energy of an electron, ǫ (+) , and a hole, ǫ (−) , respectively. For kv ≪ ∆, electrons and holes have one and the same effective mass m * = ∆/v 2 , given in terms of the parameters ∆ and v of the two-band model.
We now consider the case where ∆, ϕ, and v depend only on the z-coordinate in the direction of growth. Here, the momentum of free motion in the (x, y)-plane, k ⊥ , is conserved. The "pseudoparity" operator P = iγ 0 γ 3 (γ ⊥ k ⊥ )/k ⊥ , which is the analogue of the helicity operator in Dirac theory, commutes with the Hamiltonian in (1) and has eigenvalues λ = ±1 [10] . Following Ref. [11] , we write (1) for each λ in the form of an eigenvalue problem for two scalar wave functions ψ λ and χ λ of the two hybridized bands,
For a graded system with a nonconstant v, the kinetic term v ∂ z in (2) must be made Hermitian by replacing it with its symmetrized form v(z) ∂ z + v ′ (z)/2.
In the limit of an abrupt heterojunction with discontinuous v(z), the term v ′ (z)/2
gives a δ-function contribution in (1) and (2) . For a consistent description, we introduce functions f λ and g λ by writing
and similarly for g λ . It emerges that the two-band equation for f λ , g λ with z-dependent v has again the form (2), but the new functions f λ , g λ are continuous at the interface z = 0. The MC for the physical envelope function, satisfying the Hermitian version of (2), thus become discontinuous,
This type of MC departs from the widely used MC of a continuous envelope function across the interface [12, 13] , established for heterojunctions with identical Bloch functions on either side, for which v is constant. The assumption of constant v 2 = ∆/m * is rather well justified for most narrow-band heterojunctions of III-V semiconductors. However, for most IV-VI and some III-V heterojunctions, v does change appreciably across the interface [14] , and the MC (3) should be used. A similar situation is discussed in Ref. [5] for a one-dimensional (k ⊥ = 0) superlattice.
In contrast to that work we consider the full three-dimensional case and derive the in-plane dispersion curves for the IS.
We study an abrupt contact of two homogeneous semiconductors with the param- Fig. 1a ). The IS wave function has the form exp(+κ 1 z), exp(−κ 2 z)
The bound-state eigenvalues are obtained from (2) with the aid of the MC (3), which leads to the eigenvalue equation
Equation (4) can also be written in the form
This requires ǫ 12 (ǫ, k ⊥ ) > 0, which implies |ǫ| > |ǫ 0 (k ⊥ )|, where ǫ 0 (k ⊥ ) solves ǫ 12 (ǫ 0 , k ⊥ ) = 0. From (4) one obtains the IS energy ǫ λ as a function of the momentum k ⊥ ,
where
The localized states exist in a region of momenta min{k
⊥i are determined by the intersection of the curves ǫ 0 (k ⊥ ) with the bulk dispersion curves ǫ 1,2 (k ⊥ ), respectively,
Equation (5) has been obtained without imposing any restrictive conditions on the parameters v i , ∆ i , and V . If v − = 0, one recovers from (5) the results of Refs. [3, 4] , viz. that IS with linear dispersion exist in the band-inverted case (∆ 1 ∆ 2 < 0).
Moreover, relation (6) for the end points reduces to k
showing that the IS exist in a finite range of k ⊥ for nonzero work function offset V = 0 (cf. [4] ).
On the other hand, if v − = 0, Eq. (5) describes a novel type of IS which has a nonlinear dispersion and which, in particular, occurs in junctions without band inversion. For this, it is necessary that a crossing of the bulk dispersion curves occurs. This is seen immediately for an unshifted heterojunction with V = 0 where (6) has a real solution k
The behavior of the IS as a function of the offset V is illustrated in Fig. 1 
with Q = v/(∆ + ǫ). Away from the interface (|z| d), the last term on the LHS of (7) vanishes, so that there γ ≈ κ 1 , −κ 2 . In the interface region (|z| d), Q ′ and γ ′ (≈ κ/d) predominate over the other terms (≈ κ 2 ), so that Q(k ⊥ + γ)| z 1 =
Replacing Q and γ with their bulk values, Q(z i ) → v i /(ǫ + ∆ i ), γ(z 1 ) → κ 1 , γ(z 2 ) → −κ 2 , we recover Eq. (4) (with V = 0). The last term on the LHS of (7) acts like a potential which turns around the sign of the wave vector γ(z) as z passes through the interface. In the abrupt case its role is taken over by the MC.
¿From our analysis, the following physical picture emerges. The free motion in the interface plane with wave number k ⊥ = 0 gives rise to binding in the z-direction.
The energies of the electron-like IS lie above the bulk conduction band edges ∆ 1 and The principal feature of the eigenvalue equation (4) is that it contains k ⊥ explicitly, so that in a range of values of k ⊥ , the two exponentially decaying left and right solutions can be matched at z ≈ 0 when both κ i are small. This implies a change of sign of the logarithmic derivative. Formulations which do not take this into account cannot describe our IS [12] . The region k
⊥2 in which the IS exist could be quite broad for IV-VI semiconductors as v varies here over a wide range. The III-V semiconductors are generally well described within the approach of [12] . However, in extreme cases the values of v differ by as much as 0.2 × 10 8 cm s −1 for materials of this group (cf., e.g., Ref. [14] , ch. II, Table III) , allowing IS in a small range of k ⊥ .
The essential condition for the existence of the IS in heterojunctions without band inversion, viz. the intersection of the bulk dispersion curves, ∆ − v − < 0, holds for most narrow-band semiconductors [14] . This is easily understood: the larger the bandgap, the weaker the interband interaction, i.e. materials with large ∆ have small v.
In summary, we have used the two-band model to derive unique matching conditions for an abrupt heterojunction. If the interband velocity matrix element v is different in the two semiconductors (as in most heterojunctions), localized interface states occur, in particular in systems without band inversion, if the bulk curves of the semiconductors intersect. This is expected to be the normal case. The effect of the MC is rather weak, leading to IS which lie near the bulk dispersions. However, in spite of this, it should be possible to identify these states experimentally, since owing to their localized nature, their contribution to transport and optical properties is different from that of the bulk states.
The present model, while being not unrealistic for IV-VI semiconductors, is simple and transparent, and should provide an ideal guideline for more detailed theoretical treatments which are expected to lead to a more quantitative exploration of the predicted type of state. Moreover, beyond the present context of the envelope function description, our results represent an important and novel contribution to quantum mechanics in general, as they demonstrate the existence of localized interface states in a situation where, without the manifest occurrence of a binding potential, localization is seemingly impossible. *** 
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